The reflected and transmitted waves due to an elastic plane sinusoidal P or SV wave impinging on the plane interface between an elastic and a linearly viscoelastic medium are found analytically for any type of viscoelastic behaviour. The properties of these waves depend both on the frequency of the incident wave and the angle of incidence of the impinging wave. Some general properties of the transmitted waves are that both the dilatational and equivoluminal waves in the viscoelastic media have refraction angles less than 90°, the displacement trajectories of material points in the viscoelastic media are ellipses, and the waves attenuate with increasing distance from the interface.
Introduction
The problem of the reflection and transmission of harmonic waves at the interface between differing viscoelastic media has been examined (l), (2), (3) and (4). However there has been a singular scarcity of description of the waves and of the variation of the properties of the waves for different linear viscoelastic behaviour. The situation considered here will be the somewhat restricted but most physically meaningful case of a plane harmonic wave impinging on a plane interface between an elastic and a linearly viscoelastic medium. Only the plane strain problem, which can be separated from the anti-plane strain problem of SH waves, will be considered. The case of an incident SH wave, in which all subsequent waves are also SH waves, lacks many of the complications that we wish to examine. However, in the discussion of ' nearcriticality ', the solution for an incident SH wave, because of its simplicity, will be used to demonstrate the properties of the reflected and transmitted waves at ' nearcritical ' angles of incidence.
Let the xy-plane be the interface. Then for plane strain, the displacement vector
The waves that occur in the viscoelastic medium will, except for the case of normal incidence, be 'general plane waves ', that is waves in which planes of constant amplitude are not parallel to planes of constant phase (2), (3), (4). In every case, the attenuation will be in a direction perpendicular to the interface, whereas the plane of constant phase will be at an angle less than 4 2 to the interface. It will be seen that propagation along the interface is impossible for these waves.
The formal viscoelastic solution for incident P and S V waves
Consider an infinite body composed of two materials, separated by the plane z = 0. The region z c 0 is occupied by medium I, a linear, homogeneous, isotropic elastic solid fully specified by the density p,, and the dilatational and shear wave speeds respectively, v, and v,. The region z > 0 is occupied by medium 11, a linear homogeneous isotropic viscoelastic material fully specified by the density, pz, and the complex, frequency dependent dilational and shear wave speeds, vp*(o) and us*@), respectively. Let p be the density ration, p 2 / p 1 . The formal solution will be given for two cases, that of an incident elastic P wave first and then that of an incident elastic SV wave, Figs 1 and 2. For the case of an incident P wave of unit amplitude at an angle of incidence a, the total displacement of a point in the elastic medium is the sum of the displacements of three plane waves, the incident wave, the reflected P wave (l), and the reflected SV wave (2), and it is given by
US
The displacement of a point in the viscoelastic medium is given by the sum of the displacements of two waves, the transmitted P wave (3) These equations, as before, are from satisfying the requirements that the displacement and traction be continuous across the interface. Thus the solutions for incident P and SV waves are formally presented.
General properties of the solutions
In the case of an incident P wave, the reflected P and SV waves are easily seen to be elastic plane waves, with amplitudes given by lqll and (q21 and phase angles with respect to the incident wave given by the arguments of v1 and v2, respectively, q1 and q2 being determined from equation (5). The same is true for the case of an incident SVwave, with q1 and qz now being determined from equation (7) except that in this case if sin fl > vs/vp, then sina > I , the angle a is complex and there is a surface P wave, exactly as in the case of a wave incident on the interface between two elastic materials. Thus the only qualitative effect attributable to the viscoelasticity of medium I1 on the waves in the elastic solid, medium I, is the change in phase of the reff ected waves.
In examining the waves in medium 11, the viscoelastic medium, it is immediately seen that these are no longer plane waves, except when the angle of incidence is zero. Consider the phase of the transmitted P wave for either the case of the incident P wave or incident SV wave. From equation (4) we can write
where up', the real phase speed, and a', the angle of refraction between the real direction of propagation and the z-axis, are given by
2, is the wave length of the dilatational wave in the elastic medium equal to 2nvP/w and a, the attenuation in a depth equal to one such wave length, is given by
Several conclusions can be drawn from this. If up*, has non-zero real and imaginary parts (which it must have unless the material is elastic) then sina', from equation (9) is less than 1 , and a' is a real angle less than 742. Thus the phase shown in equation (8) is that of a general plane wave propagating in the direction given by a' with speed up', but attenuating in the z direction. Only in the case of norma1 incidence, when a' = 0, and the amplitude is constant along the wave front do we have a homogeneous plane wave. The quantities up', a', and a, are all functions of radial frequency o and the angle of incidence.
In equations (9) and (10) the square root of (uP/vp*)' -sin ' a appears. The root which must be chosen is the one whose imaginary part is negative if there is to be attenuation, not growth, as the wave propagates into the viscoelastic medium. This can be seen from equation (I 0). A linear viscoelastic material oscillating sinusoidally must dissipate energy at every point and this is a necessary and sufficient condition for the imaginary parts of both the complex shear and complex bulk moduli to be greater than zero, (6), and this implies that, from the definition of up*2 as the complex bulk modulus plus 4 times the complex shear modulus divided by the density, that Z [ U , * -~] < 0 and hence the desired root lies in the fourth quadrant, i.e. its real part is positive.
Consideration of the phase of the transmitted SV wave gives much the same type of information. Here
where us', the phase speed, and p', the angle of refraction are given by us' -einfl' us sin j?
As is the wave length of the plane shear wave in the elastic medium, equal to 2 n v S / o and b, the attenuation in a depth equal to this wave length, is given by
The square root that appears in equations (12) and (13) lies in the fourth quadrant, following the same argument is used above. Here us*' is the complex shear modulus divided by the density. The genera1 results stated for the dilatational wave apply for the shear wave except that us* is real when the material is elastic in shear, even if it is viscoelastic in compression. In such a case the transmitted shear wave is an elastic wave with the same properties as the shear wave transmitted by an interface between two elastic media. Note that it is definitely possible for p' > CI' and v, ' > up'.
The full displacement for a point in the viscoelastic medium, from equation (3), can be written then as follows
where the fiist term is the displacement due to the P wave and the second is that due to the SV wave. Both of the displacement terms of equation (14) Taking lei( -= n/2, the rotation of the ellipse from the direction of propagation is Cc' -O1 for the dilatational wave and P'-O, for the shear wave, see Fig. 3 .
Note that for the P wave
and for the SV wave
(22)
Thus sin (argglf) < 0 and cos (argglf) 2 for the P wave and sin (arg g/f) < 0 and cos (argglf) < 0 for the SV wave. From equation (15), the fact that the sine is negative implies that the particle motion is always counterclockwise as in the figure.
From equation (20), 8, 2 0 for the P wave and t ! J2 2 0 for the SV wave.
It is appropriate to mention here what is needed to determine the value of the various quantities mentioned above. Consider the properties of the transmitted shear wave. Clearly the specification of vs*/vs determines as functions of w and B, phase velocity ratio vs'/vs and hence sin P'/sin j?, the attenuation b, and the shape and orientation of the ellipse, which is the particle trajectory due to the transmitted shear wave. The only quantity describing the transmitted shear wave that is not determined merely by vs*/us is its amplitude q4. Similarly, the properties of the transmitted dilatational wave, except its amplitudes q3, are determined by +.*/up. However, to find the amplitudes of the transmitted and also of the reflected waves, i.e. qi, i = 1,2, 3 , 4 it is necessary to know whether the situation is one of an incident P, or incident SV wave, and then to know the values of the density ratio p and the velocity ratio up/vs in the elastic medium I which, in terms of Poisson's ratio, v, is vp/vs = (2 -2v/l -2V)*.
(23)
Near criticality
We have seen, from equations (9) and (12), that the directions of propagation of the transmitted waves are specified by real angles, u' and p' less than 4 2 . It would be interesting to see what actually happens in the case of ' near criticality ', i.e. when the incident angle is such that as the viscous behaviour in medium I1 becomes very small, the behaviour in medium I T approaches closer and closer to the elastic critical situation.
For this discussion, to demonstrate the type of behaviour that occurs, we shall make the anti-plane strain assumption, that the incident wave, and hence the reflected and transmitted waves, are SH waves. Then satisfying the two non-trivial boundary conditions on the displacement and traction across z = 0, gives, for a unit magnitude incident wave at an angle of incidence fl
where us* cos p* 4 / 3 9 0) = P us cos fl * It is well known that the SH wave can give only other SH waves and u, and u, are zero. The complex angle p* is specified by equation (4) and the phase of the transmitted wave is identical to the phase of the transmitted SV wave given in equation (1 1) and hence, all the results obtained in equations (12) and (13) apply.
As an example, let the shear behaviour in medium TI be that of a Maxwell model where z is the relaxation time of the material and vo is the infinite frequency wave speed, (6). Assume vo2/vs2 > 1 which is the condition needed for the existence of a critical angle, b,, when llr = 0, i.e. when there is no viscous dissipation. This critical angle is then given by sin pc = vs/vo.
(27)
We now let the incident angle B equal p,, giving as the displacement in medium 11, from equations (1 1)- (13) and (24-(27)
x(l+(2wz)-')-*+z(l+2wt)-* vo(l+ (2wr)-')-+
Consider now the case when w t 9 1. Expansion of the amplitude and phase of u, in powers of (w7)-* gives, for z 2 0,
where
In this expression all terms of the form for n > 2 have been dropped. From equation (29) it can be seen that the angle between the direction of propagation and the interface is (2wt)-*, the phase shift with respect to the incident wave is of the order of (ot)-* and the difference of the magnitude from 2 is also of the order of (at)-*. In fact it would be quite interesting to take the limit as w t -+ co. But there is one term in this expression which depends on (o/t)*, the attenuation term. Thus if we take the limit of U, as 7 -+ co and we hold w fixed, we get the elastic critical angle solution,
however, if we hold t fixed, and let w -+ Q), we get the discontinuous solution, that U, -+ 0 for all z > 0 but not at z = 0 where it must be the same as in equation (31).
In other words, as the frequency gets very large, the motion attenuates in a shorter and shorter distance from the interface, even though we expect elastic behaviour. Lastly, if we let a t -+ 00 but hold w / t constant, we get
The dependence of various properties of the transmitted wave on fl in the neighbourhood of p, can be examined by letting 6 = p-/?, and expanding in powers of 6. For example consider sin p', given by equation (12),
It can be seen that as a t -+ co, sin p' -+ 1, the coefficient of b, which is the derivative of sin fi' with respect to p at j? = p,, approaches $ cot B, . This is one half the sum of the left and right-hand derivatives in the elastic problem at fl = p,. The coefficient of 6'/2, which is the second derivative, approaches co as the first derivative is discontinuous at / 3 = p,. The phase speed, the amplitude, and the phase shift can also be expanded in powers of 6 and they too will exhibit the same type of near-critical behaviour.
Results and conclusions
It has been shown that with the exception of the amplitudes, qi, it is necessary to specify only the complex velocity ratio vp*/vp to find a spectum of properties of the transmitted general dilatational wave as a function of o and a, and it is necessary to specify only vs*/vs to find the properties of the transmitted general shear wave as a function of w and p. If a complex velocity ratio, denoted generally by u*/v is of the form (34) where p and q, which are necessarily non-negative, approach non-zero constants po and qo for w + 0, pm and qm for w -+ 00, and dp/dw and dqldw vanish at o = 0 and where c is the attenuation in one wave length of the corresponding wave in the elastic medium, i.e. c is either a or 6. This analysis also holds for properties of the elliptical trajectory due to the wave. For example consider the ratio of the semiminor to the semimajor axis, given, from equations (18) and 
In this case medium I1 is an elastically compressible viscous fluid with no bulk viscosity. K is the ratio of the bulk modulus in the fluid to the bulk modulus in the (43) for an incident P wave.
elastic solid and the time scale has been chosen so that the shear viscosity divided by the shear modulus of the elastic solid, which has the dimensions of time, is unity. Clearly from equation (43), the transmitted dilatational wave is a Voigt type wave with the properties described above but that the shear wave is not. However, it is easy to show that at high frequencies, the shear wave exhibits Voigt type behaviour but not at low frequencies. Fig. 4(a) , (b), (c) and (d) show the variation of 1qJ i = 1,2, 3,4 with M, for the case of the incident P wave, with K = 1, for frequencies w = 0.1, 1 and 10. For the high frequencies, these plots of dmplitude v. incident angle are quite typical of the variation that can be computed for a material with both dilatational and shear waves of the Voigt type. Note that even a material which has Voigt behaviour in shear and is elastic in compression has Voigt type compressional waves as well as Voigt type shear waves.
If a complex velocity ratio is of the form for an incident P wave. The low frequency approximation, w < 1 implies that sin y' w sin y(20/q0)f, c w -n(2q0/w>f.
As before, high and low frequency approximations to the shape and orientation of the elliptical trajectory can be derived in a straight forward manner. As a second example, let p = 1, v = 0.25 and
This is material that is elastic in compression but behaves as a Maxwell body in shear with one relaxation time. K is again the ratio of the bulk modulus of medium I1 to that of medium I and G is the ratio of the instantaneous shear modulus of medium I1 to the elastic shear modulus of medium I. The time scale has been chosen so that the relaxation time is unity. Clearly the transmitted shear wave is a Maxwell type wave, with all the properties described above, but the dilatational wave is not. It is easy to show that at high frequencies, the dilatational wave exhibits Maxwell type behaviour but at low frequencies, w < 1, and PK > sin2 a,
(48) I want to mention here again that a is the attenuation in one wave length of the incident wave and this wave length is inversely proportional to frequency thus as w 4 0, the attenuation over a fixed distance decreases as w2. Thus it is clear that as w 4 0, the dilatational waves become more and more like plane elastic waves, and in fact the dilational wave type is representable by the model of a standard solid as shown in Fig. 5. Figs 6(a) , (b), (c) and (d) show the amplitudes, Iqil, i = 1,2, 3 , 4 respectively as functions of a for the case of the incident P wave. Again the frequencies chosen are w = 0.1, 1, 10 with the ratios of the moduli, K and G, both set equal to 1. The qualitative variation of the amplitudes with a and w are generally similar for this case and the case where Maxwellian behaviour is assumed in both compression and in shear.
A general solution for the transmission and reflection of harmonic plane waves at an elastic-viscoelastic interface has been given, using the complex notation in its fullest form for conciseness and for the ease with which it permits the use of the elastic-viscoelastic correspondence principle. For the first time specific properties of the general viscoelastic waves are presented as functions of angle and frequency, and the solutions for particular examples have been given. In addition, the discussion on near-critical behaviour in the presence of a small degree of dissipation in the transmitting medium may shed light on the behaviour of real systems under critical conditions. 
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